
𝑰 𝒙, 𝒙′ = 𝒈(𝒙, 𝒙′) 𝝐 𝒙, 𝒙′ + න
𝑺

𝝆 𝒙, 𝒙′, 𝒙′′ 𝑰 𝒙′, 𝒙′′ 𝒅𝒙′′

INFOMAGR – Advanced Graphics
Jacco Bikker   - November 2022 - February 2023

Lecture 12 - “Probability Theory”

Welcome!



Previously in Advanced Graphics…



𝐿𝑜 𝑝, 𝜔𝑜 ≈
2𝜋

𝑁
෍

𝑖=1

𝑁

𝑓𝑟 𝑝, 𝜔𝑜, 𝜔𝑖 𝐿𝑑 𝑝, 𝜔𝑖 cos 𝜃𝑖

p

𝜔𝑜

𝜔𝑖
𝑛

𝐿𝑜 𝑝, 𝜔𝑖 ≈
𝑙𝑖𝑔ℎ𝑡𝑠

𝑁
෍

𝑖=1

𝑁

𝑓𝑟 𝑝, 𝜔𝑜, 𝑃 𝐿𝑑
𝐽 𝑝, 𝑃 𝑉 𝑝 ↔ 𝑃

𝐴
𝐿𝑑

𝐽 cos 𝜃𝑖 cos 𝜃𝑜

∥ 𝑝 − 𝑃 ∥2

𝐸 𝑓 𝑋 ≈
𝐵 − 𝐴

𝑁
෍

𝑖=1

𝑁

𝑓 𝑋

𝐸 𝑓 𝑋 ≈
1

𝑁
෍

𝑖=1

𝑁
𝑓 𝑋

𝑝 𝑋

pdf: ׬= 1,

𝑝(𝑋) > 0 if 𝑓 𝑋 > 0

sampling the hemisphere

sampling a light (approx.) solid angle



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



Lights
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Case 1: Point Light

Situation:

▪ surface point: location 𝒑, normal 𝑵;
▪ point light: location 𝒆, intensity 𝑰 (in Watt, or joule per second);
▪ distance between 𝒑 and 𝒆: 𝑑.

▪ unit vector from 𝒑 to 𝑒: 𝑳.

Flux leaving 𝒆: 𝑰 joules per second.
Flux arriving at a sphere, radius 𝑟, surface 4𝜋𝑟2 around 𝒆: 𝑰

(Ir)radiance arriving on that sphere: 
𝑰

4𝜋𝑟2 (𝑊/𝑚2)

Flux arriving per steradian: 
𝑰

4𝜋

Steradians for a unit area surface patch at location 𝒑:   ~ 
𝑁∙𝐿

𝑑2

This is the solid angle of the unit area surface patch as seen from 𝒆, or:
The area of the patch projected on the unit sphere around 𝒆.

𝒆

𝒑

𝑵 𝑳

Light arriving at 𝑝 from a 
point light at distance 𝑑:

𝐼
𝑁∙𝐿

4π𝑑2 per unit surface area.

This is the projected radiance, 
i.e. irradiance from the light 
at 𝑒 arriving at point 𝑝.

The contribution 
of multiple lights 
is summed.



Lights
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Case 2: Area Light

Situation:

▪ surface point, location 𝒑, normal 𝑵𝒑;

▪ single-sided area light e, intensity 𝑰, area A, normal 𝑵𝒆.

Steradians for the area light, as seen from 𝒑:   
𝐴 𝑁𝑒∙−𝐿

𝑑2 (approximately).

The radiance arriving from e at 𝒑 is:  𝑰 𝑺𝑨, 𝑺𝑨 ≈
𝐴 𝑁𝑒∙−𝐿

𝑑2

The irradiance (joules per second per unit area) from e at 𝒑 is: 

𝑰 𝑆𝐴 𝑁𝑝 ∙ 𝐿

𝒆

𝒑

𝑵𝒑 𝑳

𝑵𝒆

A

≈ 𝑰
𝐴 𝑁𝑒 ∙ −𝐿 𝑁𝑝 ∙ 𝐿

𝑑2
.

SA (in steradians): 0. . 2𝜋; area of 
the projection of the light on the 
hemisphere.
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Sampling an Area Light

The irradiance (joules per second per unit area) is: 𝑰
𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒 𝑁𝑒∙−𝐿 𝑁𝑝∙𝐿

𝑑2 .

Here, 𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒 is the visible area of the light source. 𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒 may be smaller 
than 𝐴 in the presence of occluders.

We send 1 million rays to the light source. 𝑁 rays reach the light source. 

The visible area is estimated as  𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒 = 𝐴
𝑁

1,000,000
.

Now, we send a single ray to the light source. The probability of a ray 
reaching the light source is 𝜌. Now, 𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒 = 𝐴 𝜌.

For this single ray, the answer is usually wrong. However, on average the answer is correct.

𝒆

𝒑

𝑵𝒑 𝑳

𝑵𝒆

𝐴

𝐴𝑣𝑖𝑠𝑖𝑏𝑙𝑒



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



Lights

Advanced Graphics – Probability 9

Sampling Multiple Lights

“To sample 𝑁 lights with a single ray, chose a random 
light, and multiply whatever the ray returns by 𝑁”.

Situation: two lights.

𝒑

Mental steps:

▪ If the lights would have been point lights, we would 
have sampled both and summed the results.

▪ We know that we can sample an area light with a 
single ray. So, we sample both using a single ray, 
and sum the results.

▪ Using one ray, we could sample alternating lights. 
Since each light is now sampled in half the cases, 
we should increase the result we get each time by 2.

▪ Or, we can sample a randomly selected light. On 
average, each light is again sampled in 
half of the cases, so we scale by 2.

▪ In other words, we scale by 1/50%=2, where
50% is the probability of selecting a light.

Generalized:

If we have 𝑁 lights, and we sample each with a 

probability 𝜌𝑖 , we scale the contribution by 
1

𝜌𝑖
to 

get an unbiased sample of the set of 𝑁 lights. 

Any 𝜌𝑖 is valid, as long as σ 𝜌𝑖 = 1 and 𝜌𝑖 > 0

unless we know the sample will yield 0.



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics
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Sampling a Spherical Light

“Any 𝜌𝑖 is valid, as long as σ 𝜌𝑖 = 1 and 𝜌𝑖 > 0 unless we 
know that the sample will yield 0.”

Situation: spherical light source.

Starting point: selecting N=10 points on the sphere, 
uniformly, so 𝜌𝑖=1/𝑁=0.1.

▪ Now, suppose we skip points on one hemisphere.
▪ Skipping points means 𝜌𝑖 = 0.
▪ To ensure that σ 𝜌𝑖 = 1: double 𝜌𝑖 for remaining 

points, to 0.2.

▪ Before: E =
1

𝑁
σ𝑖=1

𝑁 𝑉𝑖=0.5

𝜌𝑖=0.1
,  after:

1

𝑁
σ𝑖=1

𝑁 𝑉𝑖=1

𝜌𝑖=0.2

Similar situation: when evaluating the 
Lambertian BRDF, we skip the hemisphere below 
the surface. We account for this by reducing the domain to 2𝜋.

𝒑
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Sampling Occluded Lights

Situation 1:
We have no information about occlusion.

NEE probes each light with 50% probability.

▪ samples are scaled up by 1/50%=2;
▪ rays to light 2 always yields 0;

➔ point 𝒑 receives energy from light 1 in 50% 
of the cases, but the light is multiplied by 2.

Situation 2:
We know light 2 is occluded.

NEE probes light 1 with 100% probability.

▪ samples are scaled by 1;

➔ point 𝒑 receives energy from light 1 in 
100% of the cases, multiplier is 1.

𝒑

1 2

The only difference between situation 1 and 2 is 
variance: in situation 1, we get twice the energy each 
time we sample light 1, but it gets sampled in only 
50% of the cases.
In situation 2, we get a much more even amount of 
energy for each sample.



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics
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The Random Walk

How much light gets transported to the eye?

1. The light that 𝒑 emits towards the eye (typically: nothing); plus:
2. The light that 𝒑 reflects towards the eye.

BRDF:

𝑓𝑟(𝑝, 𝐿, 𝑉)

Reflected energy:
Light (radiance) coming from all directions, 
reflected in a single direction; i.e:

𝐿𝑜 = න
𝛺

𝑓𝑟 𝑝, 𝜃𝑜, 𝜃𝑖 cos 𝜃𝑖 𝐿𝑖

𝒑
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The Random Walk

How much light gets transported to the eye?

1. The light that 𝒑 emits towards the eye (typically: nothing);
2. The light that 𝒑 reflects towards the eye:

a) That is: the light that q, r, s emit towards p, plus
b) The light that q, r, s (and all other scene surface points) reflect 

towards p.

𝒑

𝒒

𝒓

𝒔

Regarding 2b:

▪ The further away a point, the 
lower the probability that a 
random ray from 𝑝 strikes it.

▪ The probability is also 

proportional to 𝑁𝑠,𝑝,𝑞 ∙ −𝐿.

▪ At 𝑝, we scale by 𝑁𝑝 ∙ 𝐿 to 

compensate for the fact that we 
sample radiance, while in fact we 
need irradiance for the BRDF.
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Sampling the Hemisphere using a Single Ray

The light being reflected towards the eye is the light arriving from all 

directions over the hemisphere, scaled by the BRDF:  ׬𝛺
𝑓𝑟 𝑝, 𝜃𝑜, 𝜃𝑖 𝐸𝑖 .

Sampling the integral using a single random ray: Scale up by 2𝜋.

𝒑

0 4

2

𝑓 𝑋 ≈ 1, න =~4.

න = ?
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Random Walk

Point 𝒑 reflects what point 𝒒
reflects, which is what point 𝒓
emits.

𝒑

𝒆

𝑵𝒆

𝒒

𝒓
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Random Walk

If we leave the scene, 
the path returns no 
energy.

𝒑

𝒆

𝑵𝒆



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



Importance-Sampling the Hemisphere

How much light gets transported to the eye?

1. The light that 𝒑 emits towards the eye (typically: nothing); plus:
2. The light that 𝒑 reflects towards the eye.
3. In practice: we have no idea. But we can guess.

Reflected energy:
Light (radiance) coming from all directions, 
reflected in a single direction; i.e:

𝐿𝑜 = න
𝛺

𝑓𝑟 𝑝, 𝜃𝑜, 𝜃𝑖 cos 𝜃𝑖 𝐿𝑖

𝒑

NEE
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By the way…

There exists a class of estimators known as zero variance estimators.

Example 1:

NEE
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𝑓 𝑥 = 1, 𝑥 ∈ 0,1 .

න
0

1

𝑓 𝑥 = 1 = 𝐸 𝑓 𝑋 ≈
1

𝑁
෍

𝑖=1

𝑁
𝑓 𝑋

𝑝 𝑋

0 1
0

1

Even at N=1 we reach the expected value.



By the way…

There exists a class of estimators known as zero variance estimators.

Example 2:

Point 𝑥 is illuminated solely by a uniform blue sky.

NEE
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𝑥

𝐸 𝑓 𝑋 ≈
1

𝑁
෍

𝑖=1

𝑁
𝑓 𝑋

𝑝 𝑋

𝑓 𝑥 = 𝐶 𝑐𝑜𝑠𝜃

𝑝 𝑥 =
𝑐𝑜𝑠𝜃

𝜋

And again, at N=1 we reach the expected value.



By the way…

There exists a class of estimators…

Example 3:

Point 𝑥 is illuminated solely by a rectangular light source.

NEE
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𝑥

The noise on the ceiling is 
caused by randomly sampling 
the area of the light: 𝑐𝑜𝑠𝜃 will 
have variance.

The noise on the floor is caused 
by shadow rays sometimes not 
reaching the light, which will 
have variance.



By the way…

There exists a class of estimators…

Example 3:

Point 𝑥 is illuminated solely by a rectangular light

NEE

Advanced Graphics – Probability 24

𝑥

The noise on the floor is caused 
by shadow rays sometimes not 
reaching the light, which will 
have variance.



NEE

Advanced Graphics – Probability 25



NEE
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Next Event Estimation

At each vertex, we sample the
light source using an explicit
light ray.

𝒑

𝒆

𝑵𝒆



NEE
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Next Event Estimation

Why does this work?

“The light arriving via point 𝒑 is the light reflected by point 𝒑, plus the light 
emitted by point 𝒑.”

And thus:

The light reflected by point 𝒑 is the light arriving at 𝒑 originating from light 
sources (1), plus the light reflected towards 𝒑 (2).

1: Direct light at point 𝒑.

2: Indirect light at point 𝒑.



NEE

Advanced Graphics – Probability 28

Next Event Estimation

If we send out a ray in a random direction over the hemisphere of 𝒑, this ray 
may return two types of illumination:

1: Direct: the ray hit the light source;
2: Indirect: the ray missed the light source.

If we ignore all random rays that hit a light source
(as in: terminate them, return 0), we remove the
direct light arriving at 𝒑. 

If we sample just the lights, we remove the indirect light
arriving at 𝒑.

Since the contributions show no overlap, we can sample them individually,
using two rays, and sum the result.

𝒑

𝒆

1

2



NEE
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Next Event Estimation

Direct and indirect illumination can be sampled separately, as long as we 
guarantee that there will not be overlap.

This works for any point, not just the primary hit:

E.g., the light that point 𝒒 reflects towards point 𝒑
is the direct lighting reflected by 𝒒 towards 𝒑, plus
the indirect lighting reflected by 𝒒.

𝒑

𝒆
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Next Event Estimation

1. Why don’t we use next event estimation for a specular surface?

Explicit light sampling still requires evaluation of the BRDF. For a specular 
surface, the BRDF for 𝜃𝑜 is ∞ for a single 𝜃𝑖 , which is why we continue the
(not so) random walk in that direction. All other directions yield 0.

Consequence:

Since we do not send out an explicit light ray in this
case, the random walk may now return direct
illumination: there is no overlap.

In fact, if we didn’t accept direct illumination, we would be 
missing energy.

𝒑

𝒆



NEE
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Next Event Estimation

2.   Why should we return direct illumination for the primary ray?

The eye vertex did not send out an explicit light ray. Since direct illumination 
is not sampled separately, the random walk may return this illumination.

The eye is thus considered a specular vertex.

𝒑

𝒆



NEE

Advanced Graphics – Probability 32

Next Event Estimation

Also think about it like this:

The eye looks directly at a light source.
If we terminate those paths, the light will look black.

The eye looks at a light in a mirror.
If we terminate those paths, we see a black light in the mirror.

In all other cases, we send out an explicit light ray. To compensate for that 
extra ray:

▪ The extra ray may only sample direct illumination. It doesn’t bounce.
▪ Any other way of sampling direct illumination is blocked.



NEE
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http://sjbrown.co.uk/2011/01/03/two-way-path-tracing

http://sjbrown.co.uk/2011/01/03/two-way-path-tracing/


Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



Efficiency
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Efficiency in Monte-Carlo:

We must use importance sampling.

▪ We are not tracing photons backwards, we are establishing importance.
▪ A path that cannot be importance sampled is a noisy path.
▪ We can still trace from the light to the camera (‘forward path tracing’ aka light tracing).
▪ Consider using Multiple Importance Sampling.
▪ (it works for NEE, but also when combining forward and backward path tracing)
▪ Any pdf is valid, as long as … and …. .
▪ We can play with this stuff.
▪ We can learn importance.



Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



Materials

Future Work

Other resources:

Implementing the Disney BSDF
schuttejoe.github.io/post/disneybsdf

Efficient Rendering of Layered Materials 
using an Atomic Decomposition with 
Statistical Operators. Belcour, 2018.

Eric Heitz’s Research Page:
eheitzresearch.wordpress.com/research
(all his work is good)
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https://schuttejoe.github.io/post/disneybsdf/
https://eheitzresearch.wordpress.com/240-2


Materials

Future Work
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“thin film”

“consistent normal mapping”



Spectral Rendering

Future Work

Other resources:

Hero Wavelength Spectral Sampling. Wilie et 
al., 2014.

Physically Meaningful Rendering using 
Tristimulus Colours. Meng et al., 2015.

PBRT. Pharr et al., 2004-2018.
https://www.pbrt.org

Mitsuba Renderer. W. Jakob, 2014.
https://www.mitsuba-renderer.org

Advanced Graphics – Probability 40

https://www.pbrt.org/
https://www.mitsuba-renderer.org/


Spectral Rendering

Future Work
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Participating Media

Future Work

Other resources:

Importance Sampling Techniques for Path 
Tracing in Participating Media. Kulla and 
Fajardo, 2014.

Area Light Equi-Angular Sampling on 
ShaderToy:
https://ww.shadertoy.com/view/ldXGzS
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https://www.shadertoy.com/view/ldXGzS


Participating Media

Future Work

Advanced Graphics – Probability 43



Light Transport

Future Work

Other resources:

The Rendering Equation. James T. Kajiya, 
1986.

Bidirectional Path Tracing. Michal Vlnas, 
2018 (student paper). 

Global Illumination using Photon Maps. 
Jensen, 1996.

Progressive Photon Mapping. Hachisuka et 
al., 2008.

(article on) Vertex Connection and Merging, 
Georgev et al., 2012. 
https://schuttejoe.github.io/post/vertexcon
nectionandmerging
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https://schuttejoe.github.io/post/vertexconnectionandmerging


Light Transport

Future Work
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Primitives

Future Work

Other resources:

Direct Ray Tracing of Smoothed and
Displacement Mapped Triangles. Smits et al., 
2000.

Direct Ray Tracing of Phong Tessellation. 
Ogaki and Tokuyoshi, 2011.

Two-Level Ray Tracing with Reordering for 
Highly Complex Scenes. Hanika et al., 2010.
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Production

Future Work

Other resources:

The Iray Light Transport Simulation and 
Rendering System. Keller et al., 2017.

The Design and Evolution of Disney’s 
Hyperion Renderer. Burley et al., 2018.

Manuka: A batch-shading architecture for 
spectral path tracing in movie production. 
Fascione et al., 2018.

Mitsuba 2: A Retargetable Forward and 
Inverse Renderer. Nimier-David, 2019.
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Real-time

Future Work

Other resources:

OptiX: A General Purpose Ray Tracing 
Engine. Parker et al., 2010.

REAL-TIME RAYTRACING
WITH NVIDIA RTX. Stich, 2018.

(not a lot of research so far…)

Ray Tracing Gems 1 & 2,
https://research.nvidia.com/publication/20
20-07_Spatiotemporal-reservoir-resampling,
https://research.nvidia.com/publication/20
19-07_Temporally-Dense-Ray,
https://research.nvidia.com/publication/20
19-03_Improving-Temporal-Antialiasing, … 
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https://research.nvidia.com/publication/2020-07_Spatiotemporal-reservoir-resampling
https://research.nvidia.com/publication/2019-07_Temporally-Dense-Ray
https://research.nvidia.com/publication/2019-03_Improving-Temporal-Antialiasing


Real-time

Future Work

Advanced Graphics – Bits & Pieces 49

Other resources:

OptiX: A General Purpose Ray Tracing 
Engine. Parker et al., 2010.

REAL-TIME RAYTRACING
WITH NVIDIA RTX. Stich, 2018.

(not a lot of research so far…)

Ray Tracing Gems,
https://research.nvidia.com/publication/20
20-07_Spatiotemporal-reservoir-resampling,
https://research.nvidia.com/publication/20
19-07_Temporally-Dense-Ray,
https://research.nvidia.com/publication/20
19-03_Improving-Temporal-Antialiasing, … 

https://research.nvidia.com/publication/2020-07_Spatiotemporal-reservoir-resampling
https://research.nvidia.com/publication/2019-07_Temporally-Dense-Ray
https://research.nvidia.com/publication/2019-03_Improving-Temporal-Antialiasing


Massive Scenes

Future Work

Moana Island scene. Heather Pritchett & Rasmus Tamstorf, 2016.   ~15 billion primitives. 

https://pharr.org/matt/blog/2018/07/16/moana-island-pbrt-all.html
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https://pharr.org/matt/blog/2018/07/16/moana-island-pbrt-all.html


Today’s Agenda: Monte Carlo

▪ Sampling an Area Light with One Ray

▪ Sampling Multiple Area Lights with One Ray

▪ Difficult Cases: Spherical Lights, Occluded Lights

▪ The Random Walk

▪ Random Walk with Next Event Estimation

▪ Digest

▪ P3 Topics



INFOMAGR – Advanced Graphics
Jacco Bikker   - November 2022 - February 2023

END of “Probability”
next up: “Bidirectional”
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